We consider the existence and nonexistence of positive global solutions for the Cauchy problem,
Introduction
We consider the Cauchy problem for a semilinear heat equation with a potential,
where p > 1, N 2, ∂ t = ∂/∂t, φ ∈ L ∞ (R N ) ∩ C(R N ), and the potential V is nonnegative and behaves like ω|x| −2 (1 + o(1)) with ω > 0, as |x| → ∞.
In 1966, Fujita [3] considered the Cauchy problem 2) and proved that where p * = 1 + 2/N . We call this critical number p * = 1 + 2/N the Fujita exponent. The statement (A) also holds for the case p = p * , which was proved by Hayakawa [4] , Kobayashi, Sirao, and Tanaka [7] and alternative proofs were given by Aronson and Weinberger [1] and Weissler [11] . Subsequently the Fujita result has been extended by many mathematicians in several directions. For the details, see two survey papers [2] and [8] to this problem and references therein. As stated in [10] , for the Cauchy problem (1.1), the potential V has a strong influence on the Fujita exponent. Zhang [10] considered the problem of the existence and nonexistence of global positive solutions for the Cauchy problem (1.1) on an N( 3)-dimensional complete noncompact Riemannian manifold M. He studied the relation between the Fujita exponent and the potentials V behaving like ω/(1 + d(x) a ), by using global bounds for the fundamental solutions of the heat equations with a potential. Here ω ∈ R, a > 0, and d(x) is the distance between a point x ∈ M and a reference point O ∈ M. In particular, for the case M = R N with N 3 and a = 2, he proved that the Fujita exponent p * for the Cauchy problem (1.1) is 1 + 2/N if a > 2, ∞ if 1 < a < 2 and ω < 0, and 1 if 1 < a < 2 and ω > 0. Furthermore, for the case a = 2, he also proved that 1 < p * 1 + 2/N if ω > 0 and p * 1 + 2/N if ω < 0. In particular, the case a = 2 is a border line case where the Fujita exponent may vary from 1 to ∞, and it would be interesting to study the relation between the Fujita exponent p * and the constant ω.
In this paper we study the existence and nonexistence of global positive solutions of (1.1) with a potential V behaving like ω|x| −2 (1 + o(1)) with ω > 0, as t → ∞, and give the Fujita exponent p * for the Cauchy problem (1.1), explicitly. Furthermore we prove that the problem (1.1) for the critical case p = p * has no positive global solutions.
Throughout this paper we assume that
We say that u is a solution of (1. 
and put
Then we have the following results, which are the main results of this paper. Our proofs of Theorems 1.1 and 1.2 depend on a result of the author and Kabeya [5] , which is related to the large time behavior of solutions of the heat equation with a potential. Here we assume that the potential V is a nonnegative, smooth, and radially symmetric function behaving like (1.6), and explain the ideas of the proofs of Theorems 1.1 and 1.2. Then we may take a positive radially symmetric solution U of
where C is a constant independent of the initial data and
(see Proposition 2.1). Then this asymptotic behavior of v together with the similar argument as in [6] gives upper bounds of the solution u of (1.1), and prove Theorem 1.1. In the proof of Theorem 1.2, we assume that there exists a global positive solution u of (1.1) for some initial data, and apply the same argument as in [9] to the solution u. Then the asymptotic behavior of the solution v of
, we consider the asymptotic behavior of the quantity
which is a crucial ingredient in the proof for the case p = p * (ω). We prove unboundedness of M(t), and this unboundedness of M(t) together with the same argument as in the case 1 < p < p * (ω) gives Theorem 1.2. The rest of this paper is organized as follows: In Section 2 we give some notation and recall one proposition, which is related to the large time behavior of the linear heat equation with a potential. In Sections 3 and 4, we prove Theorems 1.1 and 1.2, respectively.
Preliminaries
In this section we introduce some notation and recall a result of [5] , which is related to the large time behavior of solutions of the heat equation with a potential.
For
We denote by S(t)φ the bounded solution of (1.1) with the initial data φ.
Assume the same conditions as in Theorem 1.1. Let V * be a smooth function on [0, ∞) such that
Then we denote by S * (t)φ the solution of
by the comparison principle, we see that
for all x ∈ R N and 0 < t < T . Next we assume the same conditions as in Theorem 1.2, instead of Theorem 1.1. Let V * be a smooth function on [0, ∞) such that
for all x ∈ R N and 0 < t < T . In order to prove Theorems 1.1 and 1.2, we consider the Cauchy problems (2.1) and (2.3), instead of (1.1). Next, in order to give a result on the large time behaviors of the solutions of the linear heat equations ∂ t v = v − V * v and ∂ t v = v − V * v, we introduce the condition (V ω ) on the radially symmetric potential. We say that the radial functionV =V (r) satisfies the condition (V ω ) for some ω > 0 if there exists a positive constant θ such that
Under the condition (V ω ), there exists a unique positive solution UV of the ordinary differential equation
(see [5] ). Let LV (t)φ be the bounded solution of the Cauchy problem 
Since the functions V * and V * satisfy the condition (V ω ), we may define the functions U V * and U V * satisfying (2.5), and see that Proposition 2.1 holds withV replaced by V * or V * .
Proof of Theorem 1.1
Let p > p * (ω) and be a sufficiently small constant to be chosen later such that 0 < < 1. Let φ ∈ C 0 (R N ) such that φ 0 and φ ≡ 0 in R N , and put u * (t) = S * (t)( φ). Following the argument in [6] , we define
for all τ ∈ (0, t) > 0, and prove T = ∞. For this aim, we assume T < ∞. Then we have
and u * satisfies
On the other hand, let v = L * (t)( φ) and put
Then w satisfies
Furthermore, by Proposition 2.1 and p > p * (ω), there exist constants C 1 and C 2 , independent of , such that
So we may take a sufficiently small so that
for all (x, t) ∈ R N × (0, ∞). Therefore, by the comparison principle (3.2)-(3.4), we have
This contradicts (3.1), and we have T = ∞, that is, u * is a positive global solution of the Cauchy problem (2.1). Therefore, by (2.2), the Cauchy problem (1.1) has a positive global solution, and the proof of Theorem 1.1 is complete.
Proof of Theorem 1.2
We assume that there exists a global positive solution of (1.1) for some initial data φ. By the comparison principle, we may assume, without loss of generality, that φ has a compact support in R N . Furthermore, since φ 0 and φ ≡ 0 in Ω, we see that
Let λ be the first eigenvalue of the problem
and ψ the eigenfunction corresponding to λ such that ψ 0 in D and ψ L 1 (D) = 1. Put
Then ψ n satisfies
Let u * (t) = S * (t)φ and put
Then, by (2.4), we may define the function F n (t) for all t 0 and n = 1, 2, . . . . Furthermore, by (1.1), (V ), and the Jensen inequality, there exists a positive constant C 1 such that
for all t > 0 and all sufficiently large n. If
This together with p > 1 implies that F n (t) tends to ∞ in a finite time, and we have a contradiction. Therefore we see that
for all sufficiently large n. Let v = L V * (t)φ. Then, by Proposition 2.1 and (4.1), there exists a constant
for all sufficiently large t. Then, by (2.4), we have
for all sufficiently large n. Therefore there exists a constant L such that if either 
